Abstract. In the present paper we have derived some properties of the pseudo-metric introduced by Riečanová on a lattice effect algebra E corresponding to a valuation ω on E, which turns out to be a metric if ω happens to be faithful. Using these properties we have been able to prove that this metric is complete. Also it is observed that the resulting metric space is convex if and only if ω is non-atomic if and only if E is atomless.
Introduction
Kôpka, in 1992, defined the D-posets of fuzzy sets in [11] , which is closed under the formations of differences of fuzzy sets while studying axiomatical systems of fuzzy sets. The structure of a D-poset supports a noncommutative measure theory and allows the solution of some problems of non-commutative probability theory including some problems of theory of quantum measurement. In the same sense an equivalent structure, called effect algebra, were introduced as the carriers of states or probability measure in the quantum (or fuzzy) probability theory [6-10, 15, 17] . The categorical equivalence of a difference poset and an effect algebra is discussed in [5] and some of its properties and examples are studied in [3, 4; see also 5] . It is proved in [13] that a state on a lattice effect algebra is sub-additive if and only if it is a valuation. A state on a lattice effect algebra need not be sub-additive. There are even finite effect algebras admitting no states hence also no probabilities [12] . Further, if a faithful (i.e. non-zero at non-zero elements) valuation on an effect algebra E exists then E is modular and separable [13] .
Section 2 of the present paper contains prerequisites and basic results on an effect algebra. In Section 3, we are concerned with the pseudo-metric ρ ω and some of its properties on the lattice effect algebra E; it is found that if ω is a faithful valuation, then ρ ω becomes a metric. The completeness of the metric space (E, ρ ω ) under suitable conditions is established. It is also proved that the metric space (E, ρ ω ) is convex if and only if ω is non-atomic if and only if E is atomless. In Section 4, we have concentrated over a lattice L and a monotone modular function µ defined on it. An equivalence relation is defined and studied on L leading to a metric on the resulting quotient space.
Preliminaries and basic results
2.1 [1, 2, 5, 13, 14] . An effect algebra (E; ⊕, 0, 1) is a structure consisting of a set E, two special elements 0 and 1, and a partially defined binary operation ⊕ on E × E satisfying the following conditions for a, b, c ∈ E:
(3) For every a ∈ E, there exists a unique a ⊥ ∈ E such that a ⊕ a ⊥ is defined and a ⊕ a ⊥ = 1.
(4) If a ⊕ 1 is defined, then a = 0. Throughout the paper, E = (E; ⊕, 0, 1) denotes, in general, an effect algebra. In every effect algebra E, a dual operation ⊖ to ⊕ can be defined as follows: a ⊖ c exists and equals b if and only if b ⊕ c exists and equals a. We say that two elements a, b ∈ E are orthogonal , and we write
Moreover, we can define a binary relation on E by a b if and only if there exists c ∈ E such that c ⊕ a = b; is a partial ordering in E, with 0 as the smallest element.
If (E, ) is a lattice, we say that the effect algebra E is a lattice effect algebra.
For a 1 , a 2 . . . , a n ∈ E, we inductively define a 1 ⊕ a 2 ⊕ . . . ⊕ a n = (a 1 ⊕ . . . ⊕ a n−1 ) ⊕ a n provided that the right hand side exists. The definition is independent on permutations of the elements. We say that a finite subset {a 1 , a 2 , . . . , a n } of E is orthogonal if a 1 ⊕ a 2 ⊕ . . . ⊕ a n exists. For a sequence {a n }, we say that it is orthogonal if, for every n, ⊕ i n a i exists. If, moreover, sup n ⊕ i n a i exists, the sum ⊕ n∈N a n of an orthogonal sequence {a n } in E is defined as sup ⊕ i n a i ; N denotes the set of natural numbers. A lattice effect algebra E is said to be σ-complete if every countable subset of it has its supremum and infimum. For elements a, b of a lattice effect algebra E we set a
2.2 [14] . Assume that E is an effect algebra. A function m :
Note that if m is a state on an effect algebra E, then for a,
Every valuation ω on a lattice effect algebra is sub-additive, while a state need not be sub-additive.
2.4 [13] . Let m be a state on a lattice effect algebra E. The following are equivalent:
2.5 [13] . If there exists a faithful valuation m on a lattice effect algebra E then E is a modular lattice.
Let L be a lattice. The function µ :
A lattice effect algebra as a metric space
Let us recall the following results of Riečanová [14] : 3.1 [14] . For every valuation ω on a lattice effect algebra E and for all a, b, c ∈ E, ω(a∆b) ≤ ω(a∆c) + ω(c∆b).
3.2 [14] . For a state ω on a lattice effect algebra E the following are equivalent:
Lemma 3.1. Let ω be a state on a lattice effect algebra E. Then the pseudo metric 
Hence by the upper continuity of ω, we have ω(d n ) = lim p→∞ ω(c p ). Also by transitivity of the metric ρ ω and by Lemma 3.1 (iv) and (v), we have
Since {d n } is a monotonic decreasing sequence,
Definition 3.1. Let E be a lattice effect algebra and ω be a valuation on E. An element a ∈ E with ω(a) > 0 is called an atom of ω if and only 
). It can also be obtained that if (E, ρ ω ) is a convex metric space, then E is atomless.
If there exist two distinct elements a, b ∈ E such that for all c ∈ E different from a and b,
then either a < b or b < a. For, otherwise, putting c = a ∧ b, we obtain a contradiction to (3.
2.1). Suppose a < b. For any a, b, c ∈ E with a < c < b implies
Hence b ⊖ a is an atom of E, showing that E is not atomless. 
µ-Equivalence relation on a lattice L as a metric space
(ii) If, in addition, L is a σ-complete lattice and µ is upper continuous,
and µ is monotone, we obtain that
provided L is infinitely distributive and µ is upper continuous. We identify a with a, and write µ(a) for µ( a). 
